Chapter 1 . 


Vectors 


INTRODUCTION 


Differential geometry is the study of geometric figures using the methods of calculus. 


In particular the introductor i i 
r : y theory investigat i 
dimansionaiittuctidedstepcce os y stigates curves and surfaces embedded in three 


; Properties of curves and surfaces which depend only upon points close to a particular 
point of the figure are called local properties. The study of local properties is called dif- 
ferential geometry in the small.. Those properties which involve the entire geometric 
figure are called global properties. The study of global properties, in particular as they 
relate to local properties, is called differential geometry in the large. 


Example 1.1. 

Let Q and R be two points near a point P on a curve L in a plane and let Cop be the circle through 
P, Q and R, as shown in Fig. 1-1. Now consider the limiting position of the circles Cap as Q and F& 
approach P. In general, the limiting position will be a circle C tangent to T at P. The radius of C is the 
radius of curvature of T at P. The radius of curvature is an example of a local’ property of the curve, 
for it depends only on the points on I near P. 


Fig. 1-1 Fig. 1-2 


Example 1.2. 
i i -n Fig. 1-2 is an example of a one-sided surface. One-sidedness is an example 
SEES pike, tor ends on the nature of the entire surface. Observe that a small 


f for it dep ; ; 
: " am prope Pata arbitrary point P is a regular two-sided surface, i.e. locally the Moebius 
par 


strip is two-sided. 
: j d surfaces and then apply the results to 
investigate local properties of curves an faces 
ee aicteaitial geometry in the large. We begin with a review of vectors in E”. 


VECTORS 


By Euclidean space E* we mea 
real. A vector is a point in E° and in general will 


n the set of ordered triplets a = (a1, Q2, a3) with a1, G2, ds 

be denoted by a, b, ¢, x,y, --- ba P,Q,R,. re 
= —O2, — zero vec 

; a ig the vector —a defined by —a= (—d1, —e, as). ez 

tiaras eae hie length or magnitude of a vector a= (a1, @2,@3) 18 the real 


ste tor 0= (0, 0,0). Poe Peale, 
beeaie = a2 +a, +43. Clearly |a|=0 and |a| = 0 if and only if a 


VECTORS 


ADDITION OF VECTORS 
Given two vectors a = (d1, @2,ds) and b = ( 
defined by at b = (a1-rb1, a2 + b2, as + 0s) 


bi, be, bs) in BE, their sum ath is the y 


The difference of two vectors a and bis the vector a—b = at (—b). In Problem 1, 


prove that vector addition satisfies 
[Ai] at+b=b+a (Commutative Law) 
[Ax] (a+b) +e = a+(b+c) (Associative Law) 
[As] O+a =a foralla ; 
[As] a+(—a) = 0 foralla 
Example 1.3. . Be | 
Let a=(1,-2,0) and b=(0,1,1), Then a+b = (1,—-1,1), —a = (-1,2,0) boa = (-1,3,1), 
jal = V5. 
Example 1.4, L 
Using [A,] through [Ay] we see that for any a and b, ‘a 
a+(b—a) = a+(b+(-a)) = at+(-a)+b = 0+b = b 4 
Thus the vector equation a+x —=b has a solution x = b—a. It is also the only solution. For if 
a+y=pb, then | 
(—a)ta+y = (-a)+b = b-a, or O+y = b-—a, or y= b-a 


Given two points P and Q in EF (that is, two vectors P and Q) we 


\ 


. 


introduce the special notation PQ for their difference @—P and we Q 
picture PQ as an arrow drawn from P to Q as shown in Fig. 1-3. By 
the distance from P to Q we mean the length |PQ|. Evidently 
PQ = —QP, |PQ| = |QP|, PQ= PQ’ if and only if Q—P = Q’—-P’, P 
and PP=0 for all P. Fig. 1-3 
Example 15. ; 
Let a= PQ, b=QR and c=RS, d =SP as shown in Fig. 1-4. Q b ‘ 
Then R 
a+b = PQ+QR = Q—P+R-Q = R-P=PR r 
at+bt+e = PR+RS = R-P+S-Rk =S-P . i 
= PS = -d . d S 
at+bte+d = PS+SP = S-P+P-S=0 Fig. 1-4 


MULTIPLICATION OF A VECTOR BY A SCALAR 
If k is a real number and a = (di, Q, a3) a vector, we define the product ka to be the 
vector ka = (kas, kas, kas) 


Clearly 0a = k0=0 for all k and a. 


In the study of vectors we usuall 
is called multiplication of a vector by a scalar. 
In Problem 1.4 we prove that multiplication of vectors by scalars satisfies 


[B:] kes(kea) = (kikeja = Kikea 


[Bz] Hp ies c ie (Distributive Laws) 
c(a = 


y refer to the real numbers as scalars. The product ka 


[Bs] la =a 
Finally, if a = (41, a ds), then 


1 OHARA] on as VECTORS 


; \kal = V (ka)? + (ka)? + (kas)? = VEVara+a a : 
Thus forallkanda, ~~ = — ital + | fal : be as 
Example 1.6. 
Let a= (1, Ty) 0) and b= (0,2, —1). Then 2a = (2, 2r, 0); ‘ (—1)a = (-1, —7, 0) =a, and: a—8b= 
(1, 7 — 6, 3). : : es i 


Example 1.7. 


Let uy, Ug, ug be given vectors and let a =uy—2ug, b= —ug+ 2ug, and c=uyt+ug+uz. Then 
a—2b—e = (u,—2u,) — 2(—u, + 2u3) — (uy + up + ug) 
= Uy, — 2uy + 2uy — dug — uy — ug — ug = —Uy — Sug 


A vector a is said to have the same direction as a nonzero vector b if for some k=0, 
a= kb. If a has the same direction as b and also the same length as b, then from equa- 
tion (1.1), |a| = |%| |b] = k|b] = |b]. Thus &=1, and a equals b. A vector is thus uniquely 
determined by its direction and length. If a=kb, b#0 and k=O, then a has the 
opposite direction to b. If a=0, b=0 or a has the same or opposite direction to b, i.e. 
a= kb for some real k, then a is parallel to b. 


We call a vector u of unit length a wnit vector. In general ua shall denote the unit: vector 
in the direction of a nonzero vector a. Clearly this is obtained by multiplying a by 1/|al, i.e. 


Ua = a/lal (1.2) 

Example 1.8. BE i | AR ate he 
Let a= (1,—1,3), b = (2,—2,6) and c= (—3,3,—9). Since a=4b, the vectors a and b have the 
same direction. The vectors b and c have opposite directions since b = —(2/3)e. The unit vector in the 


direction of a is the vector u, = a/|a| = (1/11, —1/V 11, 3/11). 


Example 1.9. 

In the triangle OAB shown in Fig. 1-5, lets a = OA and b= OB, 
‘and let M be the midpoint of side AB. Then the vector OM can be 
expressed in terms of a and b as follows: 


OM = a+AM = a+4AB_ 
at f(b—a) = at $b— ja 
4a + 4b 


II 


II 


LINEAR DEPENDENCE AND INDEPENDENCE 
We now define the very important concepts of linear dependence and linear independence. 
Namely, the vectors ui, U2, ...,Un are said to be linearly dependent if there exist scalars 
Ket, Kea, . . ., k,n not all zero such that ‘ 
kyu + hou +:+++knun = 0 (1.3) 
The vectors Uj, Us, ...,Un are said to be linearly independent if they are not linearly depend- 
ent. That is, us, uz, ...,Un are linearly independent if (1.3) implies all ki = k= +++ =k, =0. 
Note that a set of vectors which includés the zero vector is dependent; for we can always 
Write 10+ Ou, + * - «+ 0un = 0. : 1 
Example 1.10, gh an Aa Ag 
The vectors. a = (1,—1,0), b = (0, 2, —1), c= (2,0,—1) are linearly dependent, since 2a-+b—e = 8. 
Example 1.11. ' ere 
Suppose a is parallel to b. Then a=0, b=0 or a=kb, ic. a—kb=0, Thus a and b Brecht! 
dependent, Conversely, suppose a and b are dependent. Then k,a+k b= 0 where, say, ky O.: But 
= a= —(k,/k,)b. Thus two vectors are dependent if and only. if they are parallel. « SRC 
a | 3 MASENO UNIVER 54 1 Cee 
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Dee eGR ONES & 4s ly inden 
eee th . rtant property of linear pe 
; pee el ; 3 e the following impo cab ea Mang 

~ In Problem 1,10 we BrONN heat 

~- vectors: . 


3 Ba. Raa ae ; function of independent vectors, ¢ 
eee tor is expressed as a linear 
Theorem 1.1. If-a vec 


} is, i Us, ...,Un are independent, 9 
is expressed so uniquely. That is, if us, us, .--,Un 


u = kyu + keoue + che” + Kun = kiuy + kaue + se + kntn 
then ki = ki, kee ='Ke, ei oktesy | iad (ake 


BASES AND COMPONENTS 


The three vectors e:=(1,0,0), e2=(0,1,0) and es=(0,0,1) are independent. For 
Kye: + kee, + ses = (Kx, ko, ks) and so if kie1 + kes + kges = 0, then Kes = ke = kg = 0. Also 
any vector a= (qi,d2,d3) can be written a = aie: + doee r dse3 as a linear combination of 
€1, €2 and es, and by Theorem 1.1 this representation is unique. 


In general we call a set of vectors Ba basis for E* if (i) every vector in H? can be written 
as a linear combination of the vectors in B, (ii) B is a linearly independent set of vectors. 
\ Ns 


In Problem 1.11 we prove aa 
Theorem 1.2. Any three linearly independent vectors form a basis in E°, Conversely, 
every basis in E° consists of three linearly independent vectors. 


Let ui, ue, us be a basis in 


space and let a = ayu; + deus + asus. The scalars ay, ds, ds, 
for short, ai, i 


= 1,2,3, are called the components of a with respect to the basis wi, us, Us. 


It follows from Theorem 1.1 that the components of a vector with respect to a given basis 


‘are unique, However, note that the components of a vector depend upon the basis chosen 


and in general the components will change if there is a change in basis. An exception is 
the vector 0 whose components are always 0, 0, 0. 


In general we shall denot 


e the components of vectors a, b, x, y,Uu,... with respect to some 
, Prescribed basis by ai, b 


iy Vi, Yi, Ui, 2.0 


Example 1.12, 


- Let uy, Up, 


us be a basis and let a — 2u,;—uU, b=uy+ 2u3, and e= 3u; + us. 
a, b,c are line 


é We will show that 
arly independent and hence also form a basis. For, suppose 


kya + kab + kae => (2k, + 3k3)uy + (—k, + kg) + (—2ky + ks) us — 


0 
wnice the u; are independent, it follows that 


2k + 3ke = 0, —k, + Ko = 0, —2k, + kg = 0 


ae bs & system of three homogeneous linear equations in ky, ka, kz. Since the determinant of the coef- 
cients 
2 °°0 8 
det|-—-1 1 0 = 8 ¥ 0 
0-2 1 


the only Solution is ky = 


ents of ab kg =kz3=0. Hence the vectors a, b, c are independent, 
pon F 


-Observe that the com- 
» © appear as the columns in the above determinant, 


As suggested in the above example, we have in general 


Theorem 1.3. Let U1, U2, Us be a basis and let 


Vi = Qu, + @21Ue2 + Q31Us3 Hel 
V2 = Qy2U1 + Areug + As2Uls ng 


Va-= Aisi + degug + Qs3Ug 


 OHAP.1) VECTORS : el ee age 


a 4 


or, in short, vWj= >, sui, j=1,2,8. Then vi, v2, vs is a basis if and only if — 


air Qi2 Ais 
det |.d21 oz  Q23 ~ 0. 
\ 31 G32 33 


SCALAR PRODUCT OF VECTORS 


The dot or scalar product of two vectors a= (d1,d2,a3) and b= (bi,b2,bs) is the real 
number 


atb = aybi + dob2 + asbs 
In particular, for a=b we have the formula _ 
aca = |al? (1.4) 
In Problem 1.14 we prove that scalar multiplication satisfies 
[Ci] atb = bra (Symmetric Law) 
[C2] (ka)*b = k(avb) (k&=scalar) 
[C3] as(b+c) = atb+a-e (Distributive Law) 
[Cs] Scalar multiplication is positive definite; that is, 
(i) ar:a=0 foralla 
(ii) a‘a=O0 if and only if a=0 


AMASENO UNIVERSITY COLLEGE 
| }RRARY 


Clearly, from the definition, a:0= 0 for all a. Also, if a-b=0 for all a, then 
b:b=0, and hence from [C.](ii), b= 0. 


Example 1.13. 
Let a = (—2,1,0) and b= (2,1,1). Then as-b= —~3 and aca=5= |al. 


Example 1.14. . 


Let u, and uy, be given vectors and let a=u,—U, and b= 2u,+ Uy. Then 
avb = (u,—U))* (2u,;+u,) = Qu,*uy — 2uysU, + Uys Ug — Ug’ Uy = Quy)? — uysu, — ul? 
In Problem 1.16 we prove the Cauchy-Schwarz inequality 
la-b| = Jal [b| | 
with equality holding if and only if a and b are linearly dependent. The angle between two 


nonzero vectors a and b, denoted by 6 = 4(a,b), is the unique solution of 
a+b = |al|b| cos é (1.5) 


satisfying 0=6=7. 


Example 1.15. : 
In the triangle ABC shown in Fig. 1-6, let a= BC, b = AC, 
c=BA=a-—b, and @= x ACB = x(a, b). If we consider 


le? = |a—bP? = (a —b) + (a—b) = aea— 2a-b+ beb 


we have the law of cosines 
lc2 = fal? — 2 [a [bl cos@ + |b/? Fig. 1-6 


a Let b be a nonzero vector. The scalar projection of a onto b, denoted by P, (a), is the 


e Scalar P, (a) =(ab)/|b|. The vector P,(a)u,, where u, is the unit vector in the direction of 
h, is called the vector projection of a onto b and is denoted by P, (a). It follows that saa 


VECTORS 


(a: b)b 
P, (a) = P,(aju, = ((a*b)/|b))(b/|b)) = Ee 


Clearly P, (0) =0 and P, (0) mr ee Cae 0, then from equation (1.5), P, (a) = lal 
aoe (a) = |al cos uy, where @ =X (a, b). It follows that P, (a) and P, (a) are indepen! 
or the length of b but depend only on its direction as indicated in Fig. 1-7. In fact, 
vector P, (a) is algo independent of the sense of b; that is, P-»(a) = Pt (a). For eo 


bi; 


ES. 


is 


“ah 


2 eG, 7 8%, = 
P_,(a) = Tepe & = ipl? b P, (a) 


The scalar P, (a) changes sign with a change in the sense of b. 


Fig. 1-7 


ORTHOGONAL VECTORS 


; Two vectors a and b are said to be orthogonal, written alb, if a b=0. It fallo 
rae oe ) that a and b are orthogonal if and only if either a=0, b=0: 
=> a, =7/la. | 


Example 1.16. 

Let a and b be linearly independent and let c = a —P, (a). Then ¢c is a nonzero vector orthogonal to! 
For suppose c¢ = 0; then from equation (1.6), 0=1a—P,(a)=1a—kb, where k = (a+ b)/|b? which 
impossible since a and b are independent. Hence c= 0. Finally, a 


oat ee _ (a+b)b _ -b)(b« b 
aie ( BE) e = arb BOM ity tern) = 


Thus c Lb. 


ORTHONORMAL BASES 


Let e1,€2,e; be three mutually orthogonal unit vectors 
as shown in Fig. 1-8. These vectors are independent; for if 
Kye, + Ieoeg + kese3 = 0, then 0= e:'0 = @° (Kie1 + hoes + kes) = 
ex: ke:—k; or kj=0 for each t. Therefore they form a basis 
called an orthonormal basis. 

We observe that e:;, 1=1,2,3, is an orthonormal basis if and 
only if 

e1¢e; = @2°@2 = es*e3 = 1 (Unit vectors) 
e1'@2 = e2'e3 = e1'e3 = 0 (Mutually orthogonal) 
or, in short, 
we praia h da 8 eae ae 
e-e; = by = = : 
1 WS VG tgp Gites: Abd = 1,258) 


hry miantitss ®. 4a palled the Kronecker symhol and will ha naad rannatadley 


a o In Problem 1.28 we prove: 

© pheorem 14. © Let 01, 0278s ae ae 

A Aarne . ,»@2,@s be an ortho + basis and’ le aie , 

at b = bie; + dees + ies oe basis and let a = qier + zea + a3e3 and 8 

(i) a’ b = ayby + dobs + as03 = » aby | - 
aes 


(ii) jal = Vara = Ve +aata; = nl dat 
(iii) aq = are, (i =1, 2, 3). : 
Example 1.17. 
Let a=e,+ 2g, b= 2e, + e, — 2€s, and c = —2e, + €3- Then 
(a) asb = (1)(2) + (0)(1) + (2)(-2) = —2 
b . = 
(b) (wee) = [(1)(0) + (0)(—2) + (2)(1)] (Bey +e — 20s) = des + 2e2 — 44s 


(o) lal = VIET? = VB 
(d) Un, = = = 
“ (1/5 )e, + (2/V5 Jey 


a 
(e) cos ( »b) = Sa = = 
4(%») = jaltbi ~ ave 


ued: a nonzero vector a = mer + G2e2 + Ases and let 
6 = 4(a, ei), = 1,2,8, as shown in Fig. 1-9. The scalars 
cos 01, COSA2, cos A3 are called the direction cosines of a. 
Since a‘e, = [al cos A= m%, we have 

cos & = allal, t= 1,2,3 


Note that e . ' 1 

I 2 3 
n= ee eat et aye 
«fal ial lal ial : 


= (cos 4x)e1 + (cos O2)e2 + (cos 0s)es 


nents of the unit vector in 


Fig. 1-9 


the direction of a. 


That is, the direction cosines of a are the compo 


ORIENTED BASES 

Let (e1, e2, e3) and (gi, 82 gs) be ordered orthonormal bases and imagine that the triad 

(g1, 82 83) ig rotated to make g: an th e, and ez respectively. Then gs will 

either coincide with es in which case ) has the same orientation as 

or gs will point in the direction opposite to es, in which case the bases are said 
cept of orientation in a precise manner, 


posite orientation. To formulate this con 
pases but for arbitrary bases, We proceed as follows: 


3 
) and (v1, V2 vs) be ordered bases and let wi = py au. Then (vi, V2» vs) has 
Uy, U2, Us) if det (ay) 7 0. In Problem 1.27 we show that this defines 
get of all ordered bases in E°. This relation partitions the 
Ordered bases in the same class have the same 
ite orientation. 


d g2 coincide wi 
we say that (g1, 82» BS 


(e1, €x es), 
to have oP 
not only for orthonormal 


Let (ui, U2, Us 


the same orientation 4s ( 
an equivalence relation on the 
bases into exactly two equivalence classes. 
orientation and ordered bases in different classes have oppos! 

‘In order to distingui i one orientation of an ordered basis, w hea 
in right-handed pasis if the vectors assume the same directions in space as the ae 
index finger and middle finger of the ‘cht hand; otherwise the basis is Sal 0 ; 


tett-handed. systern. 


| 
f 
i 
{ 
f 
}. 
{i 
L 
p 
i 


VECTORS 


Example 1.18. 
The triplets (uj, Uo, us) in Fig. 1- 10) and ( 
left-handed bases. 


) are right-handed pases. In Fig. 1-10(b) and we 
c | : : 


VECTOR PRODUCT OF VECTORS 


t-handed orthonormal basis and let a = @ie: + G2e2 + ase, fi 


Let (e1,e9,e3) be a righ 
(e1, €2, es) g. db, denoted by a Xb, is the Vet 


b = bye: + bees + bses. The cross or vector product of a an 


aXb = (d2b3—asbe)e1 + (dab1 — Aids)ex + (a1b2 — a2di)es 


As an aid in computing the above, we observe that it can be obtained as the expansion : ; 
determinant : 


e: a1 by b b ‘ A 
axb = det{e: a bs) = e act(t ) — e det (7 ) + es det ( ;: | 
ie a. as 0s az be G2 Dake 

3 ag hs 


= (aeb3—adsb2)e: + (asb1—adibs)er + (aib2—dabi)es 


Example 1.19. 
Let a=e,—@,, b=e,+ 2e;, c= —2e,;— 2e3. Then 


e; 1 0 
aXb = det{e, —1 1 = —2e, — 2e. + e5 
€3 0 2 


In Problem 1.32 we prove that the vector product is in fact independent of the na 
handed orthonormal basis chosen. Also in Problem 1.31 we prove i 
Theorem 15. (i) |aXb] = [al|b] siné, where @ = x (a,b) 
(ii) a. (axXb)La and (aXb) ib 
b. If axb+0, then (a, b,axb) is a right-handed tinaarly independ 
triplet. if 


Since |a||b| sing=0 if and only if |aj=0, |bi=0, 6=0, or 9=-, we have fro 
(i) above and the strict form of the Schwarz inequality (that is, [a+b] = |al|b] if and omy | 
if a and b are linearly dependent), 


Theorem 1.6. aXb=0 if and only if a and b are linearly dependent. 


If a and b are not linear! jee 
ae Pore rly dependent, i.e. 
if ax b~#0, Theorem 1.5(ii) states that a xb 
* RraSCH) to a and to b and such that . 
a, b, aX b) is a right-handed tri : 
in Fig. L-1@). ep tetra 
Observe that the vector tis i 
product is - 
eral not commutative. Although b x ahaa the 
same magnitude as aXb (Theorem 1.5(i)) and 
is parallel to ax b (Theorem 1.5(ii)a), it has the 
opposite direction (Theorem 1.5(ii)b). Thus 
bXa=~—(aXb), as shown in Fig. 1.11(0). Rig. 1-11 


aXb 


Example 1.20. 


For an orthonormal basis (g ho iy 
82 
1p » £3) 5. wn in Fig. 1 12, it follows 


81% 8, = 0 82% 81 = —B Bs X81 = Be 
81 X 82 = 83 8X 8 = 0 83% Bo = —81 
1% 83 = —Be2 & X83 = B) 83X83 = 0 


In Problem 1.29 we prove that the vector product satisfies 


; [Ei] aXb = —(bx a) (Anticommutative Law) 
[E:] aX(bt+e) = axXbtaxe (Distributive Law) 
[Es| (ka)Xb = k(axb) -  (k=scalar) 


[Es] axa = 0 
t only not commutative but also not associative; that is, 


Note that the vector product is no 
For as shown in Example 1.20, g1 x (gi X g2) = 


in general aX (bXc) ~ (aXb) Xe. 
#1 X gs = —82 whereas (gi X g1) X 82 = 0X go = 0. 


Example 1.21. 
Consider the triangle ABC shown in Fig. 1-13. Let a= 


B= xX/(c,a), and y = x (a,b). Now, 
0 = cxXe = eX(b—a) = eXb—exa 


BC, b = AC, c= AB=b—a, a=% (b, 0), 


cXb = cxXa 


or f 

aie ae = (b—a)Xb = bX b—axb = bXa 
Hence cXb = cXa = bXa ; 
But then lex b] = lex al = |b Xal 

or |e] |b] sina = le] [al sing = [b| [al sin y 


which gives the law of sines 


gin @ sinf _ siny ; 
: Fig. 1-18 


ae bee eel 


DENTITIES | : 


TRIPLE PRODUCTS AND VECTOR I Ke hese ee 

The product a‘ b xc is called the mixed or triple scalar product. Note that Daren Se 
are not required; for this can only mean 2° (b xc), the scalar product of the vec see at 
the vector bxc. This product is also conveniently given in terms of a determinant. : or, le 


VECTORS 


cs ayes tra F Cates 


b= G0) + yey + daea, b = bier + Dyes + batar 


Then : 1 by C1 
atbxXc = (aie1 op fata + (19a) » det | &2z Dez Cy 
ea ba Ca 
= ay(beex — bacz) = a,(eab = ciba) + as(b1C2 ay bz¢1) 
a by cy 
= det| a, bz ¢2 
ad; by Ca 
It follows from properties of the determinant that | 1 
- (a *C% b) (1g) 


ghee eek om braxe we bese = eos * | 

In particular, it followa that atbxe = aX bee. Thus we can drop the dot and cross fy 

the notation of the triple scalar product and use instead the notation e 
[abe] = ach xe = axbre 

As immediate consequence of Theorem 1.3 and equation (1.4) we have 

Theorem 1.7. [abe] = 0 if and only if a, b, ¢ are linearly dependent. 

A number of useful identities relate vector and scalar products 


identity, which is derived in Problem 1.35, ts 


of vectora. A baste 


Theorem 1.8 aX (bX) = (are)b = (ar be 
Others, easily derived from the above, are 
(Fi) (axb)>(exd) = (n> e)(bed) ~ (ard) bee) 
[Fs] (nx b) x (Xd) = [nhdje - [nbe'd 


Example 1.22. 
Let use kd. Then 
ax®beu © athe wo avihs (ex di an lihe de —~ Ib + eid) 
where we ured (/.9) and Theorem 1.8 It follows that 
ja X bheje & ad) arcevbed) > ardibee) 


which proves [F,] above. 


Solved Problems 


VECTOR ADDITION : 
Ll. Prove properties [A:] through {A,] for vector addition. That is, prove that [Aj] 
atb=b+a, [A:](atb) +e = at (b+e), [Asjat+O= a, [Au]a + (=a) = 0. 


[Ay]: at b = (ay + by, ag + by, aa t by) = (by + ay, by tH ay, by tag) = b+ aw 


[Ag]! (a+ b) be = [(a, 4 by) + ty, (43 a by) 4+ A, (4+ by) + eg] 
= fay + (by + 04), ag + (Og + 03), 3 + (by + eg)] = a+ (b+ e) 


[Ay at os (a, +0, ay +0,0,+0) = (4), a, 4) = a 


[Ag]: mck (a) = (ay Oy Oem Oe dy~d@3) = (0,0,0) = 0 


Ae Log parallelepiped shown in Fig, 1-14 
n= OP, b=OR, c= OS, Find o 
¥Q and RT in terms of a, hic. ahs el 
O¥ = OR + RV = OR+ 08 = bre 
VQ = VR+RQ = —RV4 RQ 
a =—O8 4+ OP = =¢ +o 


RT 


i 


RS+ST <= RO+ 0S + 5ST 
ie chi dali eg Fig. 1-14 


< aires der pea i ia pep eg the properties [Ai] through [A,] that the 
result, show that: unique solution x = b+ (—8) = b—a. Using this 
(a) the vector 0 is unique, that is, if O +n= a, then 0 = 0; 
(b) the vector —a ia unique, that fa if a’ +a = 0, then #’ = ti 
(ec) —(-a) =a for all a, 
(a) follows from the uniquenesa of the solution to the equation + ® en 


(b) follows from Ube uniqueness of the solution ta the equatios x4 # ®. 
<i “Thas hans the sition moh 8 {-a) = 


(¢) follows when we conaider the equation =a * * © 
iquement of the soletiios oe whe seqaetion. 


—({-a), But alzo —-atax@; thus -(~8) = & hy of 


MULTIPLICATION BY A SCALAR 


14. Prove properties |B; | through [Bs] for multiplication of 
is, prove that: (By) ey(Kean) = (kaka) [W,} (ks + a 


[Bs] la = a. 
[B,]: ky (kp) 


a weetar by » scalar. That 
lien + hyn, Hela + b) = ka + kh; 


Ue ey) he (eye), ky (dogatg) 
ce (Uy kyi4y (Mi Keg} ee (ky kzbty) ? (ike 


(By): (k, 4 hey) (ky, 4 ieybay. Oy + hy )ez (hk, * ht) 
2 (heyy H Ree Kytty t Reem kya, + hits) bye + hye 


k(n +b) == (Mat by), Blea t beds Mea * bs) 
4 kbp, bt + kbs) ® 


we (heen + eye Mies ka + Be 


x) ox (My, ay, ay) = @ 


(B,J: 1a = (is. lay, 14 


is. If gu; + Sux b = us — ws and ¢ = uy, + 2us, find On — 3{b—e) in terms of 
to aa m7 a * 


Ut, Uz, a. 7 
= _ th + Se = hs 

_sb—e) = 2-8 
- ( =I Qu, Said At, Si Guy 


3(a, = Us) > Riu, + 2a,) 
+ Guy = Buy ™ Uy + Quy 


= Qu, F Sus) = 
— Bu, + Say Su, 


ints of two 


the midpo 
ons side and 


16. Prove the g parallel to the third 


mM be the sides AB and AC re- 

| A BR sd h Fi * I MM — 
$riank rh] ,8 own in x. 1 16. hen A ~ 
‘i : 2S Fae AM & ac ™ AB) —_ 


pavaltel to Be and has half the magnitude. 
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1.7. Let a=OA, b=OB,-b%a and c=OC 
as shown in Fig, 1-16. Show that C lies on 
the line L determined by A and B if and 
only if ¢ = kia+ksb where k,+ ke = 1. 

If C is on L, then BA=a—b and BC= 
c—b are parallel. Hence there exists k such that 


c—b = k(a—b) or = ka+(1—k)b = kat kb 


Fig. 1-16 


where kj+k,=k+1—k=1. Conversely, if c=kjathk gb, where k,+k,=1, ba, then - 
c—b = katkb—b = kya—(1—k)b = kya—kyb = ky(a—b) : 
That is, e—b=BC and a—b=BA are parallel, so that C is on the line determined by A and | 


LINEAR DEPENDENCE AND INDEPENDENCE a 


1.8. Show that the vectors wu, us, ...,u, are dependent if and only if one of the vector 

is a linear combination of the others. ; 

Suppose, say, u, is a linear combination of uy,...,U,; Le. uy = Agltg+:' ree, They 

u, —kgug—-++—k,u, =0 where at least the coefficient 1 of u, is not zero. Hence uy, ...,u, an 
dependent. 


Conversely, if u,,...,u, are dependent, then there exists k,,...,4, not all zero such thal 
kyuy + koty + +++ +k,u, =0. Suppose, say, k,~0; then uy = —(Ko/ky)ug— ++* — (Kn/Ky)u, and x 
u, is a linear combination of ug, ..., Up: ; 


1.9. Prove that a set of vectors which contains a linearly dependent subset is linearly 
dependent. 


Suppose, say, the subset {uy,Ug,..., Uz} of the set {uy,u,..., Ux, Ux+4)---,Un} is dependent. 
Then there exist k,,...,k, not all zero such that kyu, + koug + +++ +k,u, = 0. But then 


kyu, + Rolla + °° + kyu, + Ouz,4, + °°: + 0u,= 0 


and sO Uj, Ug,..-,U, are dependent. 


1.10. Prove Theorem 1.1: If w,...,U. are independent and 


a kiwi + Koute teeet KnUn = kim + kus I oo krun 


a : os 
then Ia = kt, Keo = Ita, «- +) Hen = Ken 


Suppose some kA kj; then 
(ley — Fey) y + (Fey — Beg) uta + 0+ + (kj — kj)uy +06 + (ky kp), = 0 


where kj; kj; 0. But this implies u,,...,U, are dependent, which is a contradiction. 
J 


BASES AND COMPONENTS 


+ #3 
1.11. Show that any vector in E 
pendent vectors; hence three independent vectors 


If a, b,c are linearly independent, then the eq 
gatyb+ze = 0 


hag only the solution «= y=2= 0. Equivalently, the system 


can be written as a linear combination of three inde- 
form a basis in Z”. 


uation 


OHAP.U 


eA, or yb; + ze, - 


"dg + yby + zcq 
Bae) ag ybs + ZCg 


has only the trivial solution « = 
determinant not zero, that is 
’ * 


: ay, by Cy 
det ag by Co 
az b3. C3 


\ 


“VECTORS — 


y =z=0, which is the case only if the matrix of coefficients has 


But then for any vector u = (uj, w,u3) in E3 the system 


xa, + yb; + 2c; 
TA + ybs + RCo 
a3 + ybs + 203 


0 = 
0 
0 


Uy 
Ug 


Ug 


has a soluti = = = ; 
solution =k, y= ky, z= ks which means that u = ka+ kab + kge as required. 


1.12. 


Consider the vectors uy, Ug, Ug, Uy, -- 
otherwise, Uj, Ug, Ug, Uy, -- 


are independent, they form a basis and so uy = kyu, 
.,U, are dependent. 


are dependent. Hence wy, Up, Ug, U4, -- 


Let i, U2, us be a basis and let 
the components of 2a — 


2a — b — 2e 


1.13. 


= 2uy, a 2g 


Thus the components of 2a — 


SCALAR PRODUCT 
1.14. Prove properties [C1] through [Cs 
by + Agb2 a ag 


[Cyjp.ach = 
[C.]: (ka) *b = keayb; + kagbs + kazb3 
: * + = (6 + c ) + Ay(bg + C2) + a3(b3 + C3) 
[Cy]: a+ (b+) af pee a en aad 2 
[C,]: Clearly bgedtdtar® and ask Ser soue ee, 
4. . 
L15. In the triangle OAB shown in Fig. ma ey 
a=OA and p=oOB. If |OA| = 2, |OB| = 
a) a‘b, (b) Pa (b), (c) Pa (b). 


and x AOB = 30°, find ( 
= fal [b| cos 4(a,b) 
= (2)(8) cos 30° = 33 
(a-b)/{al = 33/2 


a sa_folA\a 


(a) ath 


-, U,, having a dependent sub 
+ kota + kegUlg, 


a = UW— Uw + 2us, b = Ue — Us and ¢ = —Uz. 
b — 2c in terms of 1, Us, Us. 


b— 2c with respect to wy, U2, U3 


bg = 51% + boda + b3a3 = bea 
= k(ayby+ gb) + dgb3) = k(a* b) 


Show that any four or more vectors in FE? are linearly dependent. 


.,U,. We can assume that wy, Ug, Us, 
set, would be dependent. 


are independent. For 
But if wy, Uy; Uy 
which implies wy, Ug, Ug, U4 


Find 


2(uy — Ue + 2u3) — (ug — u3) — 2(—tg) 
+ 4ug — Uy + ug + 2U, = 2uy — uy, + 5ug 


are 2,—1, 5. 


], page 5, for the scalar product of vectors. 


= atbtarc 
=0 iff a, = dg = ag = 0. 


14 VECTORS 


1.16. Prove the Cauchy-Schwarz inequality, |a+b|=|al| |b], with equality holding 
only if a and b are linearly dependent. 


The inequality is clearly valid if a=0 or b=0, and so we may assume that a 
Then from [C4], 


] 
= (,{bl,..[hl,), Bla = /#) . 2 oa 

0 (us =|its) (Ble + Tie 2 [al |b] Zarb — 

or +2a*b = 2lal |b] which gives the desired inequality |a*b| = [aj |b|.. The_remaining stay 


Ib] a 
follows from the fact that equality can hold if and only if either rb Fr aD 


IbI lal 
Tal an we = 0 which is the case if and only if a and b are linearly dependent, 


117. Prove the triangle inequality, |a = b] = [al + |b]. 
jab? = (a+b)+(atb) = fal? + [bl + 2(a+b) = fal? + [ble + 2fal |b] = (lal-+ ibe 


and the desired result follows upon taking square roots, 


1.18. Show that [|a| — |b|| = [a+b] for all a and b. 
From the triangle inequality, 
la] = |at+b=b| = |a+b/+ |b] or [al|— |b] = Jab 
Also [b] = [*b] = jasb—al = fa=bl+fal or [bj —jal = [abl 


Thus ||a| — [b]] = Max (|a| — bj, |b] — al) = Jab], which is the required result, 


ORTHOGONAL VECTORS 
1.19. Let ¢ be orthogonal to a and b. Show that ¢ is orthogonal to kia + Keb for all Ky, ke. 
Since c is orthogonal to a and b, c-a=0 and c*-b=0. Hence 
e+ (kat kab) = ky(c+a) + k(c+b) = 0 
Thus c is orthogonal to kya + kab. 


1.20. Let wi, uz, us be a basis and define 
a=wu, b=u2.—P, (wu), c= us— P, (us) — Py (us) 


Show that a, b, c are nonzero mutually orthogonal vectors. 


acb = a*(uy— Pa(ug)) = ae [ug—(a * uy)a/|al?] 
! = aru, — (atu,)(ara)/lal? = artig—aru, = 0 
/ and so al b. Also, = - , ; 
ve = at [ty — Pals) — Po(t)] = ° [ay ~ (as uga/lal? — (b+ u)b/ 
i = asin; - aug’ (b+ us)(& + b)/|b/. 


Since a+b. =, arc = acuz—arus =0 andso ale. Finally, 
bee = be [uy — (a+ us)a/|a|2 — (b+ us)b/|b)?] 


= (be us) — (a* g)(a* b)/|al? — (b+ ug)(b+ b)/[b = (b+ us) — (be us) = 0 


Th b,c are mutually orthogonal. They are also nonzero vectors, because: a =u, *0; if b= 0, 
us a,D, i>. 


0= b= Uy — Pa (Uy) = u, — ka = u, — ku, 


i i 1 i ndent; i c= 0, | 
which is impossible since u and Uy are indepe f = | , 
c ug I (u ) I (ug) Ug 1 3 1™“1 ‘(Ug = kuy) = Uy _ Regn _ k u 3 
a 3 b i 20 u kyu k | 
i t. 
W hich is impossible since Uy, Ug, Ug are independen 


ON es eens 

Se oe VECTORS 

- QRTHONORMAL BASES - Re ao 

121, Show that (a) 28,, +388, + 4,, = 3, (b) > 8,b, = b,. 

(a) 83 = 1 if j=7 aur ate ee ae age 
ae {a it jj Hence 2824+ 8899+ 4825 = 2(0) + (1) + 4(0) = 8. 


Rag 3 
(6) As above, the only contribution comes from 5. Thus > 8jbj = db; =. bj. 
i= 


. 3 Sh alg i 
1.22. Let u1, ue, us be a basis and let vj = >> au, and w= >, byvi. Show that > aubss = bu. 
iz i=1 k=1 


3 


=1 


3 
We write u; = 2 su; = = byjv_ +Wwhere we have changed the name of eee 


3 
itok. Also, vy. = = a;,u;. Substituting, 
iva 


3 3 3 3 
am = Soy Saum = B/S ent 
i + aa | Oy. = a. u 
i=1 Ke1 kj ra thea | > — 4k kj i 
3 


Since wy, Uy, Ug are independent equate components and obtain 64 = DS andy; 


1.23. _Prove Theorem 1.4: If e1,e2,es is an orthonormal basis and a 
-“and b = bie1 + bee2 + bses, then 


(a) a‘b= a1b; + deb2 + asbs, (b) |a| = Va? +a;+4;, (c) a; = arei, i= 1, 2,3. 
(ae; + Apes + a3@3) bd (bye; + bee + b3e3) , . ; 
ayb,(e; *e1) + aybo(ex * ee) + ab,(e * es) 


+ Ayb1(e5 ° e;) + doby(eo * €,) + dzb3(eo °, 3) 
+ agby(e3* 1) + asbol(es° ey) + agbg(eg * es) 


ll 


(a) acb 


= CT + Aobs + ayzb3 


io In short, we have 3 3 
acb = (2 as) . (3 be; = a,b;{e; * e;) 


T 
Z 
a 
| 
Me ime 


2 
(b) lal = Vara = Vata te 7 
Qj 


(c) ae a = 


—e; Find (4) : 


b=e 
- oy) on i * i; se 2, ares, (2) direction cosines of a. 


y= 5 


124. Let a= e1— 227 
(e) P,(b), (f) cos 4(a 
(1)(0) + (—2)(1) + (3)(—1 


*b = 
(a) a Get (2) + 8? = V14 


(b) Jal = Vara = 


= a/|al = (/V 14 )(ex — 2e2 + 8¢s) 


(ec) Up — 
(d) Pa (b) = (a+b)/la| = —5/V14 
= _(6/14)(e1 — 2¢2 + 3es) 


(c) Pa(b) = Pa(b)ta = ee 
(f) cos X(a,b) = (a+ b)/|al |b] = (—5/V14 V2) ( 


7 = 3 
(g) are, = 1s eich cee 


(h) con %.(a, e,) = 


are, 


Ls el Bes ‘ las 
ay/|a| = u/vi4, cos X(a&2) = ay/|al ahi cos X: 


= dyer + d2e2 + A2€3 


ab, (b) fal, (¢) Ue (d) P,(b), 


es) = ayla| = SVE en ae . 
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1.25. Let ui, us, us be an arbitrary basis. Show that there exists a unique basjg - 


such that es 
view = 1 ve" uy = 0 Vs‘ U1 0 
Vi‘ Us = 0 Ve'us = 1 V3*Us = 0 
vitus = 0 Vous = 0 V3'us = 1 


or vit uy=8y, 1,7=1,2,3. The basis Vi, V2, Vs is called the dual or reciprocal | 
to wl, Us, us. Accordingly if a = aii + a2ue+agu; and b = byv1 + dove + bay, 


| 
waht 


sting (2 aan) j (= bm) ~ > x aib,(ui* vj) = » x aibjbiy = E05, 


Observe that an orthonormal basis is its own dual. 


Let e;, 2, e3 be an orthonormal basis and let 
Uy = GyyOy + Ayy@y + Aygeg 
Ug = Gg] + Ggee@o + Aggeg 
Ug = G31; + agoey + aggeg 
and Vy = % eC} + Volo + %3€g 
Then Vy" Uy = 441% + Ayo%y + ay3xg3 = 1 
Vi" Uz = Gy + Ayote + aogas = 0 
Vy°Ug = Og1X1 + Az0%o + A33%, = 0 
is a system of three equations for 2,4, 23. Since det (a,;) #0, there exists a unique soluj 
V1 = %yey + oy + wey, Similarly we have unique solutions for v, and v3. It remains to st 
that vj, Vo, Vs are independent and hence form a basis. We consider 
3 
Kyvy + Kgve + Iegvg = = ky; = 0 
iz 
If we multiply by uj, 7 =1,2, 8, we obtain 
3 3 3 
[3 ke, a a 2 k(vjeu) = 2, kis = ky = 0,0 j= 1, 2,3 


Thus ky =k,p=k;=0 and so V1) Vg, Vg are independent and form a basis, 


ORIENTATION 
1.26. Show that the triplet (v1, vo, Va), Where vy, = 2u1 — u2+2u3, yo = U2+u3 al 
Vs = —ui + 2u2 + us, has the same orientation ag (Ui, U2, Us). 
2 0-1 
The determinant of the components is det{—-1 4 9 = 1>0. 
2141 


Hence (vj, Vo, v3) has the same orientation as (Uy, Uy, Us). 


1.27. Show that orientation is an equivalence relation on the set of all ordered bases in E 
That is, show that: 


(2) (v1, v2, vs) has the same orientation as (vi, vz, vs) for all (v1, ve, Vs). 

(b) If (v1, va, vs) has the same orientation as (ui, U2, us), then (wu, us, us) has the sam 
orientation as (v1, ve, vs). 

(c) If (wi, we, ws) has the same orientation as (Vi, V2, Vs) and (vi, ve, Vs) has the sami 
orientation as (wu, uz, us), then (wi, we, Ws) has the same orientation as (U1, Us, Us) 


- GHAP. 1] 


_ VECTORS ay: 

(a) We write : = 

a e write’ vy; = of ote ie i, : desig tai: a vied 
(Vis Vay V4). Pi = 383jVi, J = 1, 2,3, Since det (8) =1, (Vy, Voy Vs) has the same orientation as sie 


b) Let vy, = Uu: a “3 ; Bree 
(b) 4 = ju; and u; = 2 bv. From Problem 1.22, = @,b,; = 8. It is also easily 


E : a 
verified by expanding that det (3, cubs) = det (a;;) det (b;,), and so 


det (8;;) 1 
* det (b ee, Ra ALAS hs, 
(i) det (a;;) det (a)) 


Since (vj, vo, 


v3) has the same or} 
and thus (uj, pee 


tion as (uj, U.,u3), det(a;,)>0. Hence det (by) > 0, 
Ug, Us) has the same orien pds Bana) (i : 


tation as (vj, Vo, V3). 


3 3° 
(c) Let vy, = = au; and w; = I byjV,.. Substituting, we obtain 
3 3 3 3 
“ eae =, is = es Se = (3 cubs ' 


3 3 
Thus w; = + ¢ju; where ¢,; = = a.b,;, i, =1,2,3. Also, 
= = 


det (c;;) = det (3 aby) = det (a,;) det (b,;) 


Since (w,,W2,w3) has the same orientation as (vj, V2,V3) and (v1, V,V3) has the same orienta- 
tion as (u4,U,, ug), then det (b;;) >0 and det (a;;) > 0; hence det (ec) > 0. Thus (w,, Wo, Ws) 
has the same orientation as (uj, uy, uy). ; 


VECTOR PRODUCT 


1.28. Let a = 2e: —e2.+ 3, b = e: + 2e2 — e3, c = e2 + 2e3. Determine (a) aX b, (6) bXa, 
(c)aX(b Xe), (d) (aX b) Xe, (e) (aXb)-c, (f) ax (b+e) -axb—axe, 


aes -1. 2 2 1 Se 
(a) aXb = det{|e, —1 2 = e act ( 1 2s enact (f js ex det (“4 j 
&3 1-1 


— —e, + 3, + 5e3 


e 1: +2 
(b}) bXa = det ie 2-1] = e —-3e, — Bex. Observe that aX b = —(b Xa). 
e3 —1 1 
ey 1 0 
(c) ax(bXec) = (2e;—e€2+ ez) X det'| 2 eyo: 5 
4 e3 —1 2 
is . ey) 2 5 
— = det|e, —1 -—2] = e, + 8e, + eg 
= (2e; aa! i) + €3) x (be, 2e, + 3) . F : 
ey -—1 0 
a = ; 2e. — C3 
= — 5 X (e + 2es) = det eg 3 1 ey + 2, 
(d) (axb)Xe = ( ei ee €3) (eo ; 3. sgt 'g : 
Observe that aX (bX c) # (a Xb) Xx c. 3 
ee . , or : Sie 
(e.) (axb)se! = (ey + Beg + Bes) (ep + 205)° =" (—1)(0) + (8)(1) "+ (6)2) = 28 


VECTORS 


en ae : fer 2 1 : ar eae : i 
(f) ax (b+e) = det|e, —1 8 |= —4e; —e2 + Te» 5 Xb = —e; + 3e2 + Bes, and aXe= 
e3 1 1 ; : , : : 


dey + 2€s. Then 


aX(b+e) —_aXb—axXe = (de, —e, + Teg) — (—e1 + 3e, + 5es) ~ (—8e1 — de, + 2es) 


1.29. Prove that (a) aX (b+) = axb+axe, (b) (ka) xb = Kab). 
Let a = aye; + age, + agez, b = bye, + byeg + byes, ¢ = %1%1 + ce exes. 

(a) aX (be) = [ag(bg+ Cg) — tg(by + cg)]ey + [ag(b1 + ex) — A1(bs + ead les us 

+ [a4(by + €) — G2(by + ¢y)]€3 
(abs — dgbz)e, + (agb, — aybg)ey + (ab. — A2b1)es 

+ (dgeg — ageg)ey + (ager — ayeg)ez + (4102 — age)e 
= aXbt+aXe © ; a 
(Keagbs — kagbs)e, + (kargb, — kaybs)e, + (kayb2 — kagby)es a 
k[(agb3 — agby)ey + (agby — aybs)eg + (a,b, — dyb)es] = kK 


I 


(b) (ka) Xb 
a Xb) 


1.30. Show that |a xb? = |al?|bj? — |a-b/?. 
Let a = aye, + ae, ++ agez and b = bye; + bee, + b3e3. 
lax bl? = (axb)+(axXb) = [(42b3— agba)ey + (agb, — aybg)e + (a1b2— ayb,)es] 
* [(agb3 — agba)ey + (azby — abg)eg + (aby — agb1)es] 
(agbz — dgbo)? + (agb, — ayb5)? + (a,b, — ayb,)? 
a2b® + a2b2 + abbr + azbs + ayby + agby 
— 2dgboagb3 — 2a1bya3b3 — 2a1b;agb5 


I 


(a+a)(b +b) — (a*b)(a-b) 
= (a2 +02 + a5)(b; + By + 05) — (a1by + aabe + agbs)? 


abs + aibe “+ a,b} + azbs + a,b; + azbs = 2a1b dob, = 2a,b,a3b3 = 2Qagboagb3 


I 


|al? |b? — |a- bP 


The required identity follows by comparing the above. 


1.31. Prove Theorem 1.5: 
(i) |axb| = [al[b[ sing, @ = % (a, b) 
(ii) a. (axb) 1a and (axXb) 1b 
b. If (aXb) #0, then (a, b, ax pb) has the same orientation as (e1, e2, es). 


(i) Using the preceding problem, \ 
/ 
jax bl? = lal? |bl? — la‘ bi? = al? |b|2 — |al? |b|? cos? @ 
lal? |b[2(1 — cos2e) = al? |b]? sinte = ({al {b| sin 6)2 


Since sing = 0 for 0=6 =7, we have lax b| = [a| |b| sin 6. 


Let a = aye; tageg + ageg and b= bye, + bye. + bse. 
(aX b)+a = [(@gbg— dsbo)ey + (aby — a4b3)e. + (aybg — apby)es] * (21e1 + A2e2 + ase) 


= Ab ai A105 + QnA3b4 = ApA1be + A30,b5 = Axyb, = 0 


(ii) a. 


Similarly, (aX b)+b = 0. Hence (aXb) 1 a and (aXb) 1b. 


b. The determinant of the components of (a, b, aXhb) is 


a, by (abs — agbo) 
= (dgbs — agby)® + (agby — aybg)® + (ayb, — yb)? = 


det Ag bo (azby cas 453) 
ay by (a,b2— ab) 


1.82. Prove that the definition of the vector product is independent of the basis. 


Let c , 
eer ties be the vector producta of a and b with respect to two different right-handed 
<= 0: From. Theore a een that a and b are independent. Otherwise, from Theorem 1.6, 
from Theorem 1.5(ii) ere mae (a,b,c) is a basis and we can write c’ =aa+ fb ye. Also 
are iidensndent; lal2| 2 ce’ =alal?+A(a+b)=0 and b-c’=a(b-a)+A|b|?=0. Since a and b 
(a,b,c) are b $23 bl? —|a-b]2 #0. Hence a=fB=0 and ec’=yc. Since (a,b,c’) and 

,b,c) are both right-handed, y>0. From Theorem 1.5(i), |e’| = |e| = yle/|. Thus y=1 and 


c=c'. 
TRIPLE PRODUCTS | | ae 
1.33. Let a = e1+2e.—e:, b= —er te, c = —e:+2e3. Find avbXxc. y 
+ —1 ~ 
avbXe = det| 2 1-1] = 5 
1-802 S] 


1.34. Show that a-bxc.= axbre. 


Let a = aye, + doe_ + ageg, b = bye, + byeg + bge3, € = Ce + 92 + c3e3- Then : 
a, by &\e @y cy by Cy ay by ; 
a-bxXe = det | a, by cp | = —det | a, co be} = det | co Me b, | = craxb = axbre 
ae a3 bg C3 az Cz bs Cz a3 bs 


135. Prove Theorem 1.8: ax (bx c) = (a°e)b — (as b)e. 


b= bye; ag bee + bge3; c = Ce; + Co€o + C33. Then 


Let a = aye; + Go@2 T+ A3€3; 
aX (bXe) = (ae; + 422 + a3) X [(boeg — bgca)ey + (b3¢1 — cgb1)€g + (bye2 — baer)es] 


(ab 409 — Agboey — @3b3e1 + agb1C3)ey 


il 


+ (agboe3 — agb3e2 — 411¢2 + ayb2¢1)eo 
+ (aybgey — 216163 — A2boe3 + Ayb3Co)eg 


Thus comparing with the above, 
(a*e)b — (acb)e = 


| 


(acy + Aplo + 3C3)(bye1 + bo€e + EK )) 
— (aby + Agbo + 304) (c1e1 + Co€2 + €3@3) 
(digb C9 + Agb1¢3 — Gin6y2 — 230 b3)e1 
+ (b201¢3 + bya3C3 — Collyby = CoAgb3)eo 
+ (Bgdtyey + bgttgcy — C3%1b1 — CaMtaba)es 


i) 


aX (bX ce) 


\ 


Supplementary Problems 


i +> 1-18, let a= OP b = 0Q, 
1.36. tetrahedron OPQE shown in Fig. , let. , 
POR aad let M be the midpoint of edge RQ. Find PM in terms of 
a,b,c. Ans. PM = 4b+4e—4 : 
uz, © = U1 + 2tlg — Uz. Find 


b =a 2Uy + 
; Ans. 3u, + 9u2—12us 


137. Let a = 2u,+ u,— 3U3, 
8a —2b+c in terms of Uy, U2, U3- 


|a| + |b| + lel. 


; Fig. 1-18 
1.38, Show that |a+b+e| = 


20 


1.39. 


1.40. 
1.41. 
1.42. 
1.43. 
1.44. 
1.45. 


1.46. 


1.47. 


1.48. 


1.49. 
1.50. 
1.51. 
1.52. 


1.53. 


1.54. 


1,59. - 
1,60. 
1,61. 


1.62. 


1,63. 


1.64, 


Show that the medians of a triangle meet at a point. 


from a point O on S to P and b= —e,+e, and c=e,—e, 


VECTORS 


posite sides of a aqadrilaters 


eA 


ines joining the midpoints of op 


Show that the midpoints of the 1 


coincide. ; 
triangle meet at a point. 


Show that the angle bisectors of a 
y independent. 


Prove that a subset of a linearly independent set of vectors is linearl 

Prove that two linearly independent vectors in H? form a basis in E*. a 
Prove that three or more vectors in H? are linearly dependent. mS : 
mponents of a,b,c with respect.to a basis, then (i) a =b iff a=}, 


Prove that if a;, b;,¢; are the co 
( (iii) b=ka iff b; = ka;. : 
c= 2u; — Up + buy, 


(ii) c=atb iff ¢ =a, + 5; 
Determine whether a= u,—2u9.+ug, b= Uz — Us, 


Let uy, U,,Ug be a basis. 
are linearly independent. Ans. Yes 
Let uj, Up, u3-be a basis and let vy = —uy + U,g— Uz, Vo = Uy + 2uy—Ug, V3 = 20, + Us. Show that 
V3. Re 
ai 5v3 


V1) V2, Vs is a basis and find the components of a = 2u,;—ug3 in terms of V4, Vo, 
= 2v1 + Vo — V3, Uy = 3v; —Ve+ 2V35 Ug = 4v, —< 2V5 + 3V3; a= —8vy + Av. 


Ans. uy = — 
Let a = —e, te) —2es and b = e,—e, +e. Find (a) ab, (6) |al, (c) cos X (a,b), (d) Py (a), (2) Py (a), 


Ans. (a) —4, (b) V6, (c) —4/(8V2), (d) —4/V3, (e) —(4/8)(e, — eg + €3) 
Ans. 2/V14, 1/V14, —3/V14 


Find the direction cosines of the vector a = 2e, + e, — 3e3. 
Determine x so that a = xe; +e,—e, and b = 2e;—weg+eg are orthogonal. Ans. ©=1 
Factor ayla|? — (a6 + By)(a*b) + B8|bI2. Ans. (aa— Bb) * (ya — db) 

Let a=e,+e,—e; and b=-—e,+2e,—2e3. Find a vector ¢ so that a,b,c form the sid 
right triangle. Ans. c = +(2e; — e, + es) ¢ ae 3 
Show that g, = (1/3)(2e, —2e,+ 3), go = (1/3)(ey + 2e,+2e,) and gs = (1/8)(2e 


an orthonormal basis and find (ej, €2,€3) in terms of (gj, 82, 83). 
Ams. e; = (1/8)(281 + Bo + 285), e2 = (1/8)(—281 + 282+ Bs), eg = (1/3)(8 + 22 — 285) 
qual to the sum of the 


4 + ey — 2e€3) form 


Show that the sum of the squares of all the sides of a parallelogram is e 


squares of its diagonals. 
If a =e, — 2e,+ 3e3, b = 2e; —eg —e; and e=e,+ 

, =€)+ 3, find (2) aXb, (6) bXa, (chav bXe= 
(d) aX (bX ce). Ans. (a) be; + Te, + 3e3, (b) —5be; — Tey — 8e3, (c) 10, (d) 2e, Be — 2e; ; [abel 


Find a unit vector orthogonal to a=e,+e,—e; and b= 6; — Bey bey. Ans. (1//B)le, +3 
1T €3 


Find the distance d from the point P to the plane S where a= OP =e, + e.—e; is the n 
3 vector 
are along S. Ans. d = [Pp x e(a)| 


E en Wye Vy Uje Ve Wy * V3 
rove tha U,Uou = . 

[uyusus][v,VoVv3] det | Ug* Vy Ug*V, Ug* v3 

Uzg*Vy Ug*Vg U3 * V3 


Prove that (a Xb)+(eXd) + (bX e)+ (ax d) + (eXa)*(bxd) = 0 


oe that [(a x b)(c X d)(e X f)] = [abd] [cef] — [abc] [def]. 
Show that if a and b lie in a plane normal to a plane containing c and d, then (aX b) ( 
7 t , aXb)*(ex d) =0. 
Let (uy, up,u3) be an arbitrary basis and let = hia) oe Uy X Uy 
that (v1, V2, V3) is dual to (uj, uy, us), ie. mA = & ee [uyuyu,]’ “8 [wyusus] * Show 
yy OF ~~ 4,450, 

Let (uy, ug,u3) and (v 

» Ug, 1» Vo V3) be dual b 
(Uy, Up, Ug). ages.” Show that (Vi; V2, V3) has the Same orientation a$ 
Show that i i a : : 

at there exist two equivalent classes of oriented bases Namely, show th ) 

: » Show that if (v4, Vo ¥s 


and (Wy, W2,Ws) d 
3) do not have : . 
have the same orientation Thane ae ee nee us), then (v4, v 
: we can say that two ordered bases have rhe Sean eae 
€ same or opposl®, 


orientation. 


